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A self-dual and anti-self-dual decomposition of the teleparallel gravity is carried out and the self- 
dual Lagrangian of the teleparallel gravity which is equivalent to the Ashtekar Lagrangian in vacuum 
is obtained. Its Hamiltonian formulation and the constraint analysis are developed. Starting from 
Witten's equation Nester's gauge condition is derived directly and a new expression of the boundary 
term is obtained. Using this expression and Witten's identity the proof of the positive energy 
theorem by Nester et al is extended to a case including momentum. 
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I. INTRODUCTION 

Recently, as a description of gravity equivalent to general relativity the teleparallel gravity has attracted renewed 
attention [1-5] owing to many salient features of it. First of all, the teleparallel gravity can be regarded as a translational 
gauge theory [1, 2, 4, 6], which make it possible to unify gravity with other kinds of interactions in the gauge 
theory framework in which the elementary interactions are described by a connection defined on some principal fiber 
bundle. In this direction interesting developments [7] have been achieved in the context of Ashtekar variables [8]. 
However, when dealing with supergravity and in the search for the construction of a unified model for the fundamental 
interactions, another usual route [9] is to consider Kaluza-klein type models [10] of supergravity as candidates. In 
this approach the fields describing the fundamental interactions (including gravity) correspond to different pieces 
of the pseudo Riemannian metric characterizing a higher dimensional spacetime. This approach are considered as 
quite different from the former and the relation between them has note been very clear. It is noteworthy that some 
teleparallel equivalents of the Kaluza-Klein theory and non-Abelian Kaluza-Klein theory are developed [11], which 
gives us new perspectives for the study of unified theories. 

Another advantage of the teleparallel gravity concerns energy-momentum, its representation, positivity and local- 
ization [1, 2, 5]. Because of its simplicity and transparency the teleparallel gravity seems to be much more appropriate 
than general relativity to deal with the problem of the gravitational energy- momentum. It is proved that [12, 1, 2, 
5] in the teleparallel gravity there exists a gravitational energy-momentum tensor which is covariant under general 
coordinate transformations and global Lorentz transformations. 

Attempts at identifying an energy-momentum density for gravity in the context of general relativity lead only to 
various energy-momentum complexes which are pseudotensors and then a new quasilocal approach which can be 
traced back to the early work of Penrose [13] has been proposed and become widely accepted [5, 14]. According 
to this approach a quasilocal energy-momentum can be obtained from the Hamiltonian. Every energy-momentum 
pseudotensor is associated with a legitimated Hamiltonian boundary term. In terms of teleparallel gravity a geomet- 
rically natural proof of the positivity of the gravitational energy is obtained [5] by choosing a maximal surface and a 
vanishing shift. 

Nester and his coworkers have found a four-spinor formulation of the teleparallel gravity [5]. This formulation 
has several virtues, in particular it gives a four-covariant Hamiltonian, shows that total four-momentum is future 
timelike and can be evaluated on a spacelike surface extending to future null infinity thereby showing that the Bondi 
four-momentum also is future timelike. It is suggested to generalizing this formulation to self-dual representations. 
The chiral Lagrangian formulation of general relativity employing two-component spinors has been introduced [15]. 
Usually the teleparallel gravity is viewed as a equivalent of general relativity. It is well known, as a self-dual formulation 
of general relativity Ashtekar's theory opens new avenues to quantum gravity and plays a important role in the 
development of modern gravitational theory. It is shown that a lot of gauge theories, gravity and supergravity 
theories have their self-dual partners [16-18], a question naturally arises whether there is a self-dual teleparallel 
gravitational theory which equivalent to Ashtekar's theory. If it exists, can it gives us some new perspectives? In this 
paper a two-spinor formulation of the teleparallel gravity which is a self-dual representation of the teleparallel gravity 
and equivalent to the Ashtekar theory [8] will be developed. 

In the proof of the positive energy theorem [19] Witten propose a spatial Dirac equation. In the last two decades 
people have been trying to understand the meaning of this equation and its solutions. In terms of a orthonormal 
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frame Ncstcr gave another proof of the positive energy theorem [5] using teleparallel geometry under a special gauge 
in which the shift vanishes. Some authors found the relation between the orthonormal frame (triad) and the Witten 
equation [20]. In this paper Nester's gauge condition will be derived from Witten's equation. Furthermore a proof 
of the positive energy theorem different from Nester's by a nonvanishing shift and without maximal surface will be 
suggested. 

In section 2 the self-dual and anti-self-dual decomposition of the Lagrangian of the teleparallel gravity is carried 
out and the self-dual teleparallel Lagrangian is given. In section 3 the Hamiltonian formulation and the constraint 
algebra of the teleparallel gravity is built up. Its boundary term is just the self-dual part of Nester's boundary term. 
In section 4, using Witten's equation Nester's gauge condition is derived and a new expression of the boundary term 
is obtained. Using this expression and the Witten identity a proof of the positive energy theorem is shown under a 
deferent gauge condition from the one of Nester in section 5. Finally, section 6 is devoted to some conclusions. 

II. SELF-DUAL AND ANTI-SELF-DUAL DECOMPOSITION OF THE LAGRANGIAN OF THE 

TELEPARALLEL GRAVITY 

We start with a common relation between the tetrad e^, the spin connection j, and the afRne connection F v^W, 
21] 

^^,e^u + w/je-^,.- f ''^^e^p = 0, (1) 

where I,J,... = 0,1,2,3 are the internal indices and = 0,1,2,3 are the spacetime indices. Defining the 

Weitzenbok connection [1,21] 



then (1) leads to 



where 



rV = efd^e'., (2) 



oP I J 

oP 

~ F 1^1/ V 

= k\u - CO/u, (3) 



w/^ = w/je/e^^, (4) 



o P 



and {ffi,}, K is the Christoffel connection and the affine contortion, respectively. By introducing the Weitzenbok 
torsion 



and the Weitzenbok contortion [1,22] 



we can obtain from (3) 



and 



where 



K''p,^\{TP,p+T^^+TJ'^), (6) 



T%u =T - oj/, + ufp, (7) 



K^i,^ =k\. + uJi.J' , (8) 



oP oP oP oP 

T fiv — [nv] =F fill F vfxi (9) 



2 



is the afBne torsion and 



= 1{t\u+ t^^.+ (10) 



is the affine contortion [22]. 

In this paper we concentrate on the case of vanishing affine torsion 



and then 



as in the usually general relativity, we have 



and then 



t\. = o, (11) 



oP 



k\. = 0, (12) 



i^V = ^fJ'- (13) 



As a result (3) reads 



3P 



= r + (14) 

and we are led to the theories given by Hayashi, Shirafuji [22], de Andrade, Guillen and Pereira [1] which are equivalent 
to general relativity and called theories of teleparallel gravity. In these theories the curvature of the Weitzenbok 
connection vanishes: 

while the curvature of the Christoffel connection 

R.^,. = d^{A} - d,{f^} + - {/.}{a\} (16) 

does not. For these theories one can say that the spacetime is a Weitzenbok spacetime with respect to the Cartan 
connection or a Riemann spacetime with respect to the Christoffel connection. 
According to [1] , the Lagrangian of the gravitational field can be chosen as 

(4)e 

jOg = - — SP^^T,^,, (17) 



where ^^^e = det(e^^), and 



SPt^^ = }.^K^^P _ ^P^T'^M^ + gP'^T""^). (18) 



Prom (7) and (11) we can obtain 

= ujf^ - (19) 

and 

S;"" = i(a;^/ - ^^c./" + J^/"), (20) 

which lead to 

S''^-Tp^. = <^<. - w/'^'a;/., (21) 
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and 



Using (13), (6) and (5) we can compute 



1 



and 



_ 1 



rp rppp^lf I rp rpvjjip _i_ rp prpv jjh 



Then the Lagrangian (17) can be written as 

(4) 



(4)g 



which is equivalent to the Einstein Lagrangian. 

In terms of two-spinors the connection ojpi,P = loaa'bb''"'" can be decomposed into two parts 

t^AA'BB' — i^AA'B C B' + AA' B' £ B 

-,,+ , , - CC 

— ^AA'BB' '^AA'BB' ' 



where 



and 



,+ CC _ , , C^C 
■'aa'bb' -^aa'b e B' 



cC _ —, CijC 

AA'BB' -UJAA'B' E B, 

is the self-dual and the anti-self-dual part of the connection waa'sb'*"*" 

{A, B, . . . = 0,1; A', B', . . . = 0', 1'), respectively. Using these results we obtain 

rp rp^luX rp rpAA' BB' CC' 

-t (c);ii/A J (c) = J^AA'BB'CC'^ 

_ A, , , AA'BC . A-^ —AA'B'C' 

— ^LOaA'BC^ + ^Ul AA'B'C"^ 

9, , , ,BB'AC 0— —BB'A'C 

— ZWab'CBI^ — MBA'C'B'i^ 

,A, , AB— B'A' 
+AUJAA' (^BB' , 

rp rpXvp, _ o, , , AA'BC 07-; AA'B'C 

J-(c)tJ.uX-l- (^c) ——■^I^AA'BC^ ~ZlO AA'B'C'^ 

I Q, , , BB'AC , Q-: —BB'A'C 

+6WAB'CB^ + 6iJBA'C'B'tO 

„ AB— B'A' 

— OUAA' COBB' , 

and 

rpn rpv X , , AC, AB' . — A'C'—,AB' o, , AB—r B'A' 

-t(c)(uA-'(c)i' = WAA' W AC + <JJAA' W B'C — ^t^AA' WSB' 

The Lagrangian Cq takes the form 



and splits into two parts: 



where 



and 



(4) 

r (A, . ,,BB'AC,A—, —BB'A'C 

Lg = ^(4a;AS'CBW + Auba'C'B'OJ 

A, , AC, ,AB' A'C'-;AB' \ 

— ^I^AA' W AC — ^<^AA' W B'C) 

— (4)^/-,, AC,,BA' ,^ A'C'^AB' 

, ,BB'AC -r --;BB'A'C'\ 



r+ —(4) , AC, ,BA' , , , ,BB'AC\ 

'-G (^[^AA' W BC - (^AB'CBi^ ), 

r- —(4) ^(n A'C'—AB' — —BB'A'C'\ 

Lq Cr(U)AA' W B'C — LOBA'C'B'tO ), 



is the self-dual part and the anti-self-dual part of Cg with the determinant of the inverse SL(2,C) soldering form 
Cm^^ on the spacetime manifold M. 

Since consists of two invariant parts depending on lv^a' b'^ and cJaa'S'*^' respectively, we can choose the self-dual 
part Cq as the Lagrangian which is the equivalent of the Ashtekar Lagrangian [8] . 

III. THE HAMILTONIAN FORMULATION OF THE SELF-DUAL TELEPARALLEL GRAVITY 

In order to obtain the Hamiltonian of the theory a foliation in the spacetime manifold M should be introduced. 
Assuming that M = S x i? for some space-like Manifold S, we can choose a time function t with nowhere vanishing 
gradient {dt)fi such that each t = const surface Ei is diffcomorphic to S. Introduce a time flow vector satisfying 
t^^{dt)i_i = 1, we can decompose it perpendicular and parallel to S^: = Nn'^ + iV^, where n'^ is the time- like normal 
at each point of and iV, are the lapse function and the shift vector , respectively. The spacetime metric g^i, 
introduces a spatial metric q^i, on each by the formula 

qii,v=9nv+n^n^. (30) 

In the two-spinor formalism the unit normal vector = defines an isomorphism from the space of primed 

spinors to the space of unprimed spinors [24, 8]: 

^ABCD = \/2nA^ IjJAA'CD, (31) 

n^^ = ^^2n''^'n^A' = ^e^^. (32) 

y/2 



In this formalism (30) reads 



gABUU ^ ^ABCU ^ ^AB^CU^ (33) 



or 



gACgSD ^ _^A(C^D)B _^ lgABgCD_ ^34^ 

Using these results and decomposing ujabcd into its symmetry part W(ab)C£> and skew-symmetry part lJ[ab]cd' 

I^ABCD = ^{AB)CD + ^[AB]CD, (35) 
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the Lagrangian Cq can be written as 
where 

W_LC£) = n^^UJABCD- (36) 

From (1) one gets 

ojju = oj^^je\ = -d^e^^ + T^^^p := - e^^, (37) 

o 

where V;^ is the affine covariant derivative wliicli is just the Christoffel covariant derivative [1] since we have assumed 
the vanishing afhne torsion. In the two-spinor formahsm (37) reads 

o 

IjJCDAB = — CaA VCD C"s- 

Using the relation 



one gets 



i^A.CD ~ ^^yCc'' QbD -J^N^^WabCD, (38) 



where 

aD=t^'' VABCbD. (39) 

The Lagrangian Cq becomes 

r+ (4)^r, , AC, (DB) , , , (CB)ADt. 

'-'G = >DC - ^{AB)CD^^ ' \ 

o [DB] o [CB] 

-(4)ct[o;(^B)^^Ci?'' V CaC - OJ(AB)CdC^'' V Ca°] 

+Wa^(Cc' QbD +iV^^a;^BCD)c.(^^)^.^. 
The second term can be rewritten 

AC a Aa ° ''^^^ D 

<JJ{AB) Cd" V CaC - ^(AB)CdC, " V Ca 

= -^^{AB) (C CaC +^ ^EF C) 

and then one obtain 

r+ — AT„\, , AC, ,(DB) , , , (CB)AD-i 

Lq = JSI(T[u:(aB) 'dC - <^(AB)CD^^ ' \ 

+2x/2<7(Cc^ CbD +N''''ujabcd)uj^^^^e'', (40) 

where 

(4) 1 

cj=^=det = - v^. (41) 



The canonical momentum conjugate to CbD is 



dCbD 

2ax/2Cc''a;(^^)B^. (42) 
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where 



Here Lo^AB)'"'^ is just Ashtekar's variable which appears in the canonical momentum conjugate p*"^ to C5D and is 
related to by 

a^(^^^c^ = -^CaV^. (43) 

The gravitational Hamiltonian can be computed 

Hg = '^'' CbD-C+ 

= a[NH± + N^''Hab+ V(ab) 

-1/ , , , (AB)CD 1 , , AC/- B~b 

n± = UJ{AB)CD'^ - P C 

-^^(^^)i.cV(AB)iV^^, (44) 

HaB = V2a[- ViCD) L^'^^^^AB + 2u;^^^^ BEOJ(CD)A^] 

-C6^P*^t^(AB)CD, (45) 

Bi^B) ^ _ 1 (^^^(CB)A^ ^ Arc7a;(^^)^c) - V2aN''''J^^^nc. (46) 

Here B^^^^ is just the self-dual part of the boundary term given by Nester [5]. 

By following the Dirac constraint analysis we find that the theory has the same constraint structure. There are 
only two constraints, the scalar constraint 

Hi. = 0, 

and the vector constraint 

Hab = 0. 

The phase space (Ttc^tg) of the teleparallel gravity is coordinatized by the pair {CbD,!^^) and has symplectic 
structure 



and 



nTG = J^d^'' AdCbD. (47) 

By constructing the constraint functions by smearing H± and Hi with test fields A'' and A"' on S following the 
approach of Ashtekar [8] 



C{N) = 
C0)= J^N^^'Hab, 



we find that in the case 9,A'* = 0, the constraint algebra is given by 

{C{N), C{M)} = C{C-^M) - CiC-^M), (48) 

{C{n],C{M)} = C{Cj^M), (49) 
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and 



{C(N],CiAi)} = CiCj^^) = C0,^). 



(50) 



These equations indicate that the constraint algebra is closed and the constraints C{N) and C{N) are first class, which 
is very similar to the case in general relativity. The first class constraints C{N) and C{N) generate the corresponding 
gauge transformations, the spacctimc translations. Wc have shown that the constraint algebra of the teleparallel 
gravity has the same structure as that of general relativity. 



IV. WITTEN-NESTER GAUGE CONDITIONS 



Introducing the Lorentz covariant derivative of e^i, by 



then we have 



Using the dyad 



and supposing 



one obtains 



and then 



CoA = OA, ClA = (-A, = —l'^, C,^^ = O^, 



X X 



f^CDAB = CaAi'^CoCB - dcDC b) 

X 



J_(AMv(^^)Ac - A^v(^^)At, + At^v(^^)Ac - A^v(^^)At, 



X 



At^a(^^)Ac + A^a(^^)Aj, - At^a(^^)Ac + A^a(^^)At,). 

^A' 



Suppose the spinors A and its conjugate A are the solutions of the Witten equation 

V(AS)A^ = 0, 



and 



The later leads to 



(51) 



(52) 



(53) 



(54) 
(55) 
(56) 



Using (51) and (53) one can compute 



8 



, ACB)A j_,XCA)B 



Introducing the triad on the spacehke hypersurface S: 



e/B = ^(m« - m») = -^(A^A^ + A+^At^), 



e2^s = ^(m« + m«) = ^(A^A^ - At^At^), 



\/2' \/2x' 

ea^^ = - n'') = -i-(A^At^ + At^A^), 

v2 V2x^ 



one can compute 



= -2x-^a(^^)xeiAB-9(^^' eiAB 
= -5ilnx'-a(^^)ei^B. 

By the same way one gets 

(a;(^^)^c + a;(^^)^c)e3AB = -^3 Inx' - d^^'^^esAB + K. 

Then we have 

= -a/lnx'-5('^^^e/^B+(5/3i^, 
(7 = 1,2,3). 

This is just the Nester gauge condition with a correct term d'^^^^eiAB- 

V. WITTEN IDENTITY AND POSITIVITY OF GRAVITATIONAL ENERGY 

Using (53) one can compute 

-N^uj+'^j = -x/2iVC^^a;(^^)Dc 

= _^7v^^[Ac,v(^^)a1, - A^va(^^)A,3] 

X 



Supposing 



\/2 



we have 
If we choose 

N = \a\^^=x\ (61) 

the integral of the boundary term (46) reads 



'>AB 



s 
s 

j ax^{di Inx^ + d^'^'^^ eiAB)dS^ + j oKdS^ 
s s 

y a{Atc^V(^^)Ac - X^^d^^^'^XcjdSAB. 



Using the Witten identity [19] 



one find 



(62) 



= 2 a(V(^^)A^)t (V(BC) AA)dV^ + 

AttG J aX-^^{TooXA + V2ToABX'')dV, (63) 

fS^^'^^dSAB 

s 

= _L y ai^(A^At^ + A^At^)d5AB 
s 

+ i ^a(At^5(^^)Ac - X^d^^^^Xl + X^^d^^^^Xc 
s 

-A^a(^^)At, - At^a(^^Uc)rf5^s 
+2 / a(V(^^U^)^(V(BC)AA)rfl^ 

+47TG J aX^^{TooXA + V2ToABX^)dV. (64) 

which leads the positivity of the gravitational energy in the asymptotically flat boundary condition in space infinity. 

It is to be noted that we do not use Nester's gauge iV^^ = 0. Instead we suppose the equation (60), which means 
that Nester's proof is extended to the case including momentum. The Nester gauge condition plays role only in the 
lapse part of the boundary term, while the Witten equation plays roles not only in the lapse part but also in the shift 
part of the boundary term in the proof of the positive energy theorem. 
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VI. CONCLUSIONS 



A self-dual teleparallel gravity is developed. Its Lagrangian is equivalent the Ashtekar Lagrangian. The basic 
dynamic variables arc the dyad spinors C,aA- The Ashtekar connection appears in the canonical momentum conjugate 
p°'^ to C,aA- In the Hamiltonian formulation of this theory the Nester gauge condition can be derived from the Witten 
equation directly and a new expression for the boundary term which is the self-dual part of the Nester boundary term 
is obtained. Using this expression the proof of the positive energy theorem by Nester et al can be extended to a case 
including momentum. 
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